Abstract. We show that extension problems for generalized Toeplitz kernels may be completely reduced to extension problems for positive definite functions, where the solution is well known. These considerations in particular imply that generalized Toeplitz kernels may be represented as Fourier transforms of positive operator-valued measures.
The notion of generalized Toeplitz kernels (g.T.k.) was introduced in [5] , where also a generalized Bochner theorem was proved in the discrete case. Since then many papers concerning this topic appeared, for example, [2, 3] . The extension problem for the discrete case was discussed in [1] and for the continuous case, for example, in [4] . The proofs for the extendibility and for the generalized Bochner theorem use mainly lifting theorems for families of operators. In this paper we want to show that these questions can be reduced directly to appropriate questions for positive definite operator-valued functions.
Fix Hilbert spaces HX,H2, and let 0 < a < co, 1(a) := (-2a, 
\\(F(t)-F(
If \h\ < 2a, we are allowed to omit the tildes on the right-hand side, since F coincides with F on (-2a, 2a) . In particular, the set of all p.d. extensions F of F is strongly equicontinuous.
Suppose now that F is a positive definite extension of Fk , where K is a positive definite g.T.k. Then we define an operator-valued function K by
Let KaB denote the entries of the corresponding matrix representation of K. Then KaB(t) = KaB(t), a, B = 1, 2, if the right-hand side is defined. Moreover, K is an operator-valued positive definite function in the usual sense. Its positive definiteness follows immediately from that one of F . A positive definite function K, whose entries in the canonical matrix representation coincide with the constituents of K, where the latter are defined, will be called a positive definite extension of K.
The strongly continuous positive definite functions on E with values in L(H) form a subset of a linear space E of all strongly continuous functions on R with values in L(H). On E we introduce a locally convex topology by the seminorms E3F^\(F(t)<p,\p)"\, teR,<f>,y/eH.
The corresponding induced topology is meant in the following if topological questions are discussed for sets of strongly continuous positive definite functions.
Lemma 2. Suppose that K is a positive definite g.T.k. on 1(a) x 1(a), 0 < a < oo. Then the set Jfa of all positive definite extensions of K is nonempty and compact.
Proof. The assertion J!a ^ 0 was just shown.
To prove compactness, we consider an ultrafilter % on Jfa . Since \(K(t)$,tp)\<\\K(0)\\U\\\\V\\ and since the operator K(0) is the same for all K e J(a because of weak continuity, the limit g(t;<f>, tp) = lim%/(K(t)<p, ip) exists. Moreover, g(t;<f>, ip) is linear w.r.t. <p and antilinear w.r.t. tp . Thus it defines a continuous sesquilinear form on H, i.e., there is a unique G(t) e L(H) such that (3) g(t;<p,ip) = (G(t)(p,ip), <p,y/eH, teR.
The operator-valued function t -> G(t) is positive definite. To see this, we simply have to fix a function (j>: R -► H with finite support and to perform the limit in (1) . It remains to show that G is weakly continuous. Since the function G' defined by is positive definite and coincides with Fk on (-2a, 2a), its weak continuity follows from that one of Fk , resp. K. Now it is easy to see that the weak continuity of G' implies the weak continuity of G. Since all K e Jfa are extensions of K, i.e., the entries of the appropriate matrix functions are equal to the constituencies of K where the latter are defined, the same is true for G, i.e., G e Jaa ■ Since g(t; <p, tp) = (G(t)<f>, tp) in (3), we obtain finally G = lin% K, which completes the proof. □ Theorem 1. Suppose that K is a positive definite g. T.k. on 1(a) x 1(a), 0 < a < 
